Letter
Many constraints act on selection of wing planform shape for insects including aerodynamics, physiology and body configuration. The primary constraint is understood to be driven by aerodynamic performance; however, understanding in this area remains incomplete. This study aims to understand the degree to which designs in nature are optimal with respect to aerodynamic performance. In this letter, we introduce a theoretical solution for the optimum planform of hovering wings used to provide weight support by flapping or revolving in a stationary fluid.
There have been several efforts to understand the effect of wing geometry on the aerodynamic performance of hovering wings. Using a non-linear unsteady theoretical model, Ansari et al. [1] varied one wing geometrical parameter at a time to investigate the effect on lift and lift to torque ratio characteristics. The general conclusion is that the best wings are those with nearly straight leading edges and more area outboard. Experimentally, Usherwood and Ellington measured the force coefficients on wings with different geometries [2, 3] . They found that the coefficients are unaffected by significant alterations in leading edge shape, twist, or camber [2] . They also found a relatively minor effect of the wing aspect ratio on the measured coefficients at incidence angles below 50 degrees [3] . Kruyt et al. [4] revised this through measuring the lift and torque of hummingbird wings of limited aspect ratio range.
They found a modest aspect ratio effect on lift and drag characteristics but a significant aspect ratio effect on the power factor. Later, experimental investigations were conducted for hovering rectangular wings of a wide range of aspect ratios [5, 6] . The main conclusion is that wings with high aspect ratios (compared to insect wings aspect ratios) operating at high angles of attack stall due to the breakdown of the leadingedge vortex. The interest in investigating the aspect ratio effect on insect-like hovering wings extends to numerical studies as well (e.g. [7] ) which showed significant correlation between the flow structure and aerodynamic forces with wing aspect ratio.
The aspect ratio effect has attracted significant attention in recent years; the effect of wing chord distribution (planform) is less understood. Furthermore, there are no studies considering the effect of wing geometry on the profile and induced losses associated with lift generation in hovering flight. Thus, this study identifies an optimum chord distribution for hovering insect-like wing to which other existing hovering planforms can be compared. It also assesses the induced and profile power characteristics of relevant wing planforms for hovering flight.
Aerodynamic force generation from hovering insect-like flapping motion can be divided into a quasisteady aerodynamic mechanism during the wing translational phase and unsteady aerodynamic mechanisms related to stroke reversals (such as wing rotation, added mass and wake capture) [8] . These unsteady mechanisms are known to play an important role within flight control and manoeuvrability [2] .
However, for sustained hover, insects typically employ symmetrical half-strokes and the aerodynamic forces required for weight support are adequately accounted for by quasi-steady aerodynamics over the wing translational phase alone [2, 9, 10] . Therefore, in this work, we focus the discussion on the optimum wing planform required within the steady translational phase. For brevity, and in keeping with the insect flight aerodynamics literature, we refer to wings within this steady translational phase as 'revolving wings' [2] .
The optimum wing is defined as a wing that produces a given lift for the least total power required, where the total power is made up from both profile and induced components [11] ; consequently, for a wing to be optimum for a given amount of lift [12] :
(a) Each wing section should be operated at its optimum effective angle of attack to minimise profile power, and (b) The downwash distribution along the wing length should be uniform to minimise the induced power.
In this study, a quasi-steady linearised aerodynamic treatment is considered. Thus, the local wing lift coefficient, l C , is given by: 
where w is the downwash velocity, V is the sectional flow velocity and r is the distance along the span from the wing root. Note that for revolving wings the 2d airfoil lift curve slope,
, may vary with span as the local Reynolds number varies; however, the assumption of a constant average value along the wing length does not lead to any serious loss of accuracy [12] . In addition, the linearity assumption is not a concern because non-linear lift curves associated with hovering insect-like wings can be conveniently represented using an equivalent linear lift curve representation as detailed in [13] .
We first review the optimum design of a wing in parallel translational motion (i.e. fixed wing) for which the sectional flow velocity along the wing length is constant. Minimum profile power for a given amount of lift is achieved when each section of the wing operates at its optimum effective angle of attack.
Assuming the wing section is constant along the span then the optimum effective angle of attack is constant. The minimum profile power condition can be achieved simultaneously with the minimum induced power condition since the constant downwash required for minimum induced power also gives a constant effective angle of attack. Thus for a practical design solution, a minimum total power wing for a given flight condition (speed, required lift force) can be achieved without wing twist by implementing an elliptic chord distribution to give minimum induced power (constant downwash) and adjusting the wing area such that the required angle of attack is equal to the optimum angle of attack.
Consider now the optimal design of a revolving wing which is the concern of this work. Here, the sectional flow velocity along the wing takes the linear form:
where   is the angular velocity and R is the length of the wing. Given equations 2 and 3, for a revolving wing with constant downwash distribution, the induced angle of attack distribution will be hyperbolic.
Alternatively, if the induced angle of attack distribution is constant, the resulting downwash distribution will be non-constant (linear function of wing length). Thus to achieve minimum total power for a revolving wing, it is necessary to prescribe both the wing planform and the wing twist distribution.
The design process for an optimal revolving wing is as follows. First, the minimum profile power constraint is met by specifying an appropriate geometric twist distribution, ) (r g  , to achieve a constant effective angle of attack equal to the wing section angle of attack for minimum profile power, . (4) It should be noted that typical values for optimum effective angle of attack for helicopter rotors range between 5 and 10 degrees (see Figure 3 .9 of [12] ). In hovering insect flight, the skin friction contribution to overall drag is higher than it is for rotors operating at higher Reynolds numbers, hence the optimum effective angle of attack is typically higher, e.g. between 10 and 30 degrees (for example see [2] and [10] ). Next the chord distribution required to achieve the constant downwash is specified in terms of the circulation distribution along the wing and the section lift coefficient required for the minimum profile constraint [12, 15] :
In the helicopter literature [12, 14] , the optimum chord distribution for minimum power is derived from a simple physical interpretation based on momentum theory. The implemented model assumes a constant bound circulation to produce a uniform downwash distribution [12] (which is clearly incorrect, but nonetheless fit for purpose). From equation 5, it thus follows that the optimum chord distribution would be of a hyperbolic shape (due to the linear velocity distribution in denominator). According to the Helmholtz theorem, this uniform circulation along the wing length leads to a single vortex of the same strength trailing from each of the wing tips. This is a significant simplification of the problem and quantitative determination of finite wing aerodynamics calls for a more accurate model [15] . Thus, we find it necessary to further develop the approach by setting the circulation strength along the wing to an elliptic distribution which from lifting line theory is known to produce a constant downwash velocity distribution [15, 16] . Since lift and hence bound circulation falls to zero at the inboard edge of the wing and there is no carryover of lift to the opposite wing [9, 17, 18] 
After simple manipulation it can be shown that: [19] . This optimum chord distribution is shown in Fig. 1 together with a number of other relevant chord distributions for reference. Note that the obtained optimum chord distribution will only minimise induced losses due to downwash distribution effects; other sources of induced losses due to wake periodicity and effective actuator disk area are mainly functions of wing kinematics and are thus not accounted for.
Figure 1:
Comparison of the chord distribution for minimum total power for a revolving wing against a number of reference planforms. The so-called optimum distribution (black) is the chord distribution derived in this work (equation 8) and is capable of producing an elliptic circulation distribution on a revolving wing. The hyperbolic distribution (blue) produces a constant circulation distribution on a revolving wing. Within the helicopter literature, it has been referred to as the 'optimum hovering rotor' [12, 14] . The beta distribution (red) is a practical representation of a hummingbird-like wing planform from biological studies [19, 20] . In practice, it provides a good compromise between aerodynamic performance with respect to induced losses and other practical constraints. The elliptic distribution (yellow) produces an elliptic circulation distribution and hence a constant downwash distribution for parallel translating wings. For untwisted revolving wings, it produces a linear downwash distribution and thus a constant induced angle of attack along the wing length. In this illustration, all wings have an aspect ratio of 4 and same length R. For visualisation purposes, wings are shown symmetric about the wing centre line. . (9) This shows that the elliptic chord distribution leads to a constant induced angle of attack distribution for both parallel and revolving translations, which is, to the authors at least, a delightful result. The constant sectional velocity distribution associated with parallel translation motion (fixed wing) leads in turn to a constant downwash velocity distribution and thus a unity induced power factor, where the induced power factor (denoted as k ind ) is the ratio of the actual induced power to minimum ideal induced power for a given lift [21] [22] [23] [24] . On the other hand, the linear downwash distribution of the elliptic chord for a revolving wing leads to a k ind value of 1.13 (i.e. 13% more induced power compared to the ideal uniform downwash induced power to produce that lift [21, 22] ).
Figure 2:
Effect of enforcing a no twist constraint on (a) downwash velocity and (b) circulation distributions for the chord distributions prescribed by equations 8 and 9. In this illustration, the wing aspect ratio is 4 for the two chord distributions. An untwisted revolving wing with an elliptic chord distribution produces a linear downwash distribution. An untwisted revolving wing with the chord distribution prescribed by equation 8 produces a downwash distribution very near to the constant distribution and thus is still able to significantly reduce the induced power expenditure. The reference conditions (i.e. constant downwash and elliptic circulation distributions) are included to qualitatively correlate them to those of the two chords without twist. Downwash and circulation distributions are normalised using the maximum value of each distribution. Downwash and circulation distributions are evaluated based on the lifting line blade theory, for details see reference [21] .
Next, if the constant effective angle of attack requirement is relaxed and no twist distribution is applied to the wing, it is found that the optimum chord distribution prescribed by equation 8 still significantly reduces the induced power expenditure. This is shown in Fig. 2 through plotting the downwash and circulation distributions for this chord distribution using the lifting line blade model in [21] . The downwash and circulation distributions produced are very near to the constant and elliptic distributions respectively. To further demonstrate this point, Fig. 3 Figure 3 also shows the variation of the induced power factor of the elliptic chord distribution which is found to be independent of aspect ratio. Whilst there are theoretically established aerodynamic benefits from increasing the aspect ratio such as increased maximum lift coefficient, and reduced induced losses [13] , a high aspect ratio wing operating at high incidence is more prone to stall [5, 6] . Of equal importance, higher aspect ratio leads to higher moment of inertia and hence higher inertial power cost.
Figure 3:
Variation of the induced power factor with wing aspect ratio. Wing twist is zero in each case. The value of k ind is evaluated based on the method developed in reference [21] .
As a comment on practicality, the optimum chord distribution presented in this work is clearly difficult to implement due to the width of the root region. In a previous demonstration, we identified the 'arcsech' chord distribution as a possible solution for reducing ind k values [21] . The 'arcsech' chord distribution has relatively less root broadening compared to the optimum chord presented here, however it produces higher ind k values (the 'arcsech' distribution produces a ind k value of 1.036 for a wing with aspect ratio of 3, and ind k decreases to a value of 1.016 for a wing with an aspect ratio of 7). A less optimal but more practical solution can be achieved by using a 'beta' chord distribution with an area centroid at 40% of the wing length [19, 21] similar to a hummingbird wing planform [20] as introduced in Fig. 1 . Again, the cost of increased practicality is an increase in the induced power factor which is raised to 1.07, see Fig. 3 . The previously discussed cost only considers the translational aerodynamics aspect.
From a structural perspective, it is noted that the broad root chord of the optimal wing planform would present an inertial penalty at stroke reversal for flapping, and this cost would have to be considered as part of a more integrated optimisation study. Another point to consider is that most animal wings are not symmetric around the wing centre line. The planform leading edge profile affects the wing rotational dynamics through its contribution to the aerodynamic moment around the wing spanwise axis [25] . As the current study does not consider rotational aerodynamics, this effect is ignored here.
In conclusion, an optimum revolving wing planform based on the elliptic circulation distribution has been derived. This represents a refinement to current practice in the literature where a simplified vortex model with a bound vortex of constant circulation is employed. Additionally, important insights into the aerodynamic performance of several untwisted revolving wing planforms are presented. It has been
shown that even without applying any twist distribution the optimum chord distribution derived in this work produces a downwash distribution close to constant and thus the induced power expenditure is still significantly reduced. The optimum chord distribution requires a very broad root region; however a hummingbird-like wing planform provides a slightly less optimal performance in terms of induced power but with a more practical planform shape. The elliptic wing has always been an attractive planform known for its minimum induced drag within the fixed wing literature. The current study has demonstrated the unique aerodynamic advantage of the elliptic wing for a revolving motion. It has been shown that for any aspect ratio an untwisted elliptic revolving wing can allow all wing sections to operate at the same optimum effective angle of attack for a minimum profile power requirement.
